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Plume-Rise Effect on Natural Convection Heat Transfer in
Staggered Arrays of Circular Heating Elements

Kyung-Jin Choi* and Soyoung Cha*
University of Hlinois at Chicago, Chicago, Illinois

The interactive effect of warm wakes induced by lower positioned heating elements on the natural convection
of upper heating elements has been experimentally studied using a Mach-Zehnder interferometer. The heating
elements consisting of circular horizontal tubes are arrayed in a staggered configuration. It is found that the
qualitative behavior of heat transfer around each heating element is to some degree invariant with the tube
spacing ratio and tube elevation in the tested range. Based on typical characteristic length, which includes tube
diameter, tube spacing, and type of tube bundle arrangement, generalized correlating equations for average
Nusselt numbers on all tubes are presented in the modified Grashof number range of 1 X 105 to 2 x 108. The
staggered arrangement of heating elements has always had a better heat-transfer performance than the in-line
arrangement when other experimental conditions are maintained the same. However, the degree of enhancement

depends on the tube spacing ratio.

Nomenclature
D = tube diameter, m
Gr = Grashof number = gB(T,, — T)£3/v?
Gr* = modified Grashof number = gBq,, £*/k,,v*
g gravitational acceleration, m/s
h = local heat-transfer coefficient around a tube circumfer-
ence, W/m?K
h = average heat-transfer coefficient, w/m? K
k = thermal conductivity, w/mK
Nuy = local Nusselt number =h£/k,
Nu = average Nusselt number on a tube =(1/h)¢/k,

Nug = normalized local Nusselt number = Nuy/ Nu

Nu} = ratio of the average Nusselt number of the ith tube to
the average Nusselt number of the bottom tube = Nu;/
Nul

n = number of horizontal rows of tubes

P = center-to-center spacing between tubes, m

g” = heat flux, w/m?

r = radial distance from the tube center, m

S = spacing ratio to the tube diameter = P/D

T = temperature, K

o = thermal diffusivity, m?/s

8 = coefficient of volumetric expansion, K !

£ = characteristic length defined by Eqgs. (8) and (9), m

6 = counterclockwise circumferential angle along the tube
perimeter form the downward vertical line, deg

¢ = tube bundle inclination angle from the vertical line, deg

v = kinematic viscosity, m2/s

Subscripts

i = tube identification with respect to bottom tube,
1 = bottom tube

m = mean value at (T, + T»)/2, K

w = condition on the tube surface

c = at ambient condition
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Introduction

HE interaction of natural convective plumes arising from

lower heating elements with upper heating sources is of
great importance to many engineering systems. This is espe-
cially true to the designers of electronic cooling systems. In-
crease of heat dissipation through electronic components en-
hances component durability and allows more compact
packaging of the devices.

The natural convection heat transfer from multiheating ele-
ments is significantly affected by the degree of plume-rise ef-
fect. The effect, in turn, depends on the geometrical configura-
tion of heating elements such as element shape, element size,
spacing between elements, and arrangement of heating ele-
ments (i.e., in-line or staggered). Although there have been
many studies on the interaction of natural convection heat
transfer for the in-line arrays,"® those for the staggered ar-
rays’? are limited.

In one of the earliest studies, Eckert and Soehngen’ have
investigated the heat-transfer characteristics from a staggered
array of three heating elements. They found that heat transfer
is much enhanced compared with the case of the in-line ar-
rangement. Tilman® and Tsubouchi and Saito® have studied
the natural convection heat transfer in banks of uniformly
heated horizontal cylinders. They also observed that the total
average heat transfer for the staggered array is about 17%
higher than that for the in-line array. The reason for the en-
hancement is that the wake in the staggered arrangement is
more cooled than that in the in-line arrangement primarily due
to the thermal diffusion before impacting the upper heating
element. Recently, Farouk and Giiceri'® have numerically in-
vestigated the natural convection heat transfer from double
rows of closely spaced heating elements for both in-line and
staggered arrays. Their study revealed the trend in heat trans-
fer on the upper tube, which is contradictory to the previous
experimental results.”-? The heat transfer on the upper tubes in
the in-line array was higher than that in the staggered array.

Although overall heat-transfer rates in the staggered array
have been studied to some degree, little information exists on
the local heat-transfer coefficient as well as its qualitative be-
havior along the heating elements in staggered arrangements.
Adequate empirical correlations for the average Nusselt num-
bers on circular heating elements are not available over a cer-
tain range of test variables.

In the present study, local as well as average heat-transfer
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Fig. 1 Schematic of experimental apparatus.

coefficients along the hot tube were obtained through interfer-
ometric techniques. The tested center-to-center tube spacing
ratios to diameter were 2 and 4, respectively. The offset angles
between staggered tubes were 30 and 45 deg, respectively. The
local values were integrated over the heating element surface
to determine the average heat transfer. Generalized correlat-
ing equations for the average Nusselt numbers on each tube
which are applicable for both in-line and staggered arrays were
developed.

Test Procedure and Analysis

The experimental setup consisted of a Mach-Zehnder inter-
ferometer, a tube bundle, a tube positioner, and a power sup-
ply system as shown schematically in Fig. 1. The details of the
Mach-Zehnder interferometer (MZI) is presented in the litera-
ture.!! Consequently, we will describe only a brief summary on
the other apparatus and test procedure.

In thjs study, two tube bundles of 3.2 and 6.4 mm, respec-
tively, in tube diameter were fabricated. Each tube bundle was
made of thin-walled-type 304 stainless steel hollow circular
tubes arranged in square array with 1.25-cm center-to-center
spacing between tubes. The configuration of the tube bundles
was maintained using 1.5-mm brass rods welded to the tubes in
the front and back planes so that the columns of tubes were
connected in series and the rows of tubes in parallel. The tubes
were electrically heated uniformly by a dc current passing
through the thin tube walls. One tube bundle consisting of
3.2-mm-diam tubes was 6.25 cm high with five rows. The other
consisting of 6.4-mm-diam tubes was 8.75 cm high with seven
rows. The tube bundles were 15 cm wide and 10.2 cm long. The
low resistance of the tube bundles (less than 0.1 §2) necessitates
the use of a resistor bank to control the power input so that a
desirable current through a tube bundle could be obtained.

A positioner 60 cm high, 25 cm long, and 35 cm wide was
used to hold the tube bundle in the air. The top plate of the
positioner was designed to keep the test tube bundle tilted at
any angle from/to the vertical. In this manner a staggered
array was able to be arranged as shown in Fig. 2. The interfer-
ometer light beam was small (3.5 cm) compared with the test-
section height. Hence, the positioner was mounted on a labo-
ratory jack. The vertical movement of the positioner allowed
one to view an entire vertical array of the tube bundle.

In experiments, first, a tube bundle was carefully hung to
the positioner at a certain inclination angle (i.e., ¢ = 30 or 45
deg) with respect to the horizontal. The alignment was checked
with a protractor and level instrument. The tube bundle was
then aligned in parallel to the light beam by keeping a shadow
of the tube cross section on the objection screen of the MZI as
sharp and circular as possible. After the test-section align-
ment, the MZI was then adjusted to obtain an infinite fringe
pattern by moving one of the interferometer mirrors.

Before a test, ambient conditions including temperature,

NATURAL CONVECTION IN STAGGERED ARRAYS 229

Fig. 3 Interferograms in staggered tube bundle for different experi-
mental conditions.

pressure, and relative humidity were recorded. After a proper
length of time for a stable condition in the test section, the
interferograms were taken with 10.2 X 12.7 cm Kodak Tri-X
film at A = 4370 A. The exposure time was 1/10 s. All the tests
were conducted in a draft-free zone.

Figure 3 presents interferograms typical of those obtained in
this study. The dark and bright contours are isotherms. Mea-
surements of local temperature gradients were obtained from
the corresponding interferograms and used to determine the
local heat-transfer coefficients. The local Nusselt number was
based upon the characteristic length ¢ and the total tempera-
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Fig. 4 Local Nusselt number variation with tube circumferential an-
gle, S = 2.0, ¢ = 45 deg, and Gr* = 2.7 X 103,

symbol

position

o first tube
o second tube
+ third tube

x fourth tube

Normalized Nusselt Number, Nu®

gkt by e b b e b e b b Ley Ll Ly
8. 30. 60. 90. 120. 150. 180. 210. 240. 270. 300. 330. 360.
Circumferential Angle, &

Fig. 5. Normalized Nusselt number variation with tube circumferen-
tial angle, S = 2.0, ¢ = 45 deg, and Gr* = 4.2 X 103,

ture difference between the tube surface and the ambient air
T,, — Tw. The choice of the characteristic length is arbitrary.
In most cases of a single circular tube, the tube diameter was
used for the characteristic length. Here, we initially used the
tube diameter but later a different characteristic length. The
local Nusselt number was calculated from the nondimensional
temperature gradient at the tube surface, which is then multi-
plied by the ratio of the thermal conductivity evaluated at the
surface temperature to that evaluated at the mean temperature
as follows:

hy k(T TR/ (T — Tl
kn  kn a(r/§)
where k,, is evaluated at the mean temperature (T, + /7T,,)/2.

The average Nusselt number was found by numerically inte-
grating the local values over the entire tube surface, i.e.,

N D
Ug = 5

r=

M

— hE 1|7

Nu = i ijo Nu, do )
The corresponding value of the local Grashof number was
based on properties also evaluated at the arithmetic mean tem-
perature. Since the tests were conducted at the condition of a
constant heat flux from each tube, the modified Grashof num-
ber was used through this study. The modified Grashof num-
ber was defined as follows

”E4
Gr*=Gr><Nu9=gI€%

Results and Discussion

Interferograms have been analyzed along the tube array
marked by a solid circle as shown in Fig. 2. By using a tube
diameter for a characteristic length, local Nusselt numbers at
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Fig. 6 Normalized Nusselt number variation with tube circamferen-
tial angle, S = 2.0, ¢ = 30 deg, and Gr* = 2.7 x 103,
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Fig. 7 Normalized Nusselt number variation with tube circumferen-
tial angle, S = 4.0, ¢ = 45 deg, and Gr* = 0.4 X 103,

the surface of each tube have been calculated. The local heat-
transfer variations with the tube circumferential angle 6 at
different tube elevations are shown in Fig. 4. The result is for
the tube bundle of § = 2.0, ¢ = 45 deg, and Gr* =2.7 x 10°.
As expected, the heat transfer generally decreases as the tube
elevation increases due to the effect of the warm plumes in-
duced by the lower heating elements. The local heat transfer
around the tube perimeter reaches the maximum, at =0 deg
regardless of the tube elevation.

In order to generalize the local heat transfer behavior
around a tube circumference, the local Nusselt numbers are
normalized with respect to the average Nusselt number of the
concerning tube as follows:

Nuf = — 3
A~ 3

where Nu is the average value calculated in Eq. (2). Since this
is simply the ratio of the local value to the average, the normal-
ized value becomes independent of the choice of the character-
istic length. The typical local normalized Nusselt number vari-
ations for the suggested tube bundles of § =2.0 and ¢ = 45
deg, $ =2.0 and ¢ =30, and S =4.0 and ¢ =45 deg are
shown in Figs. 5-7, respectively. From these figures, it is evi-
dent that the inclination angle ¢ tested in this research does not
considerably affect the qualitative behavior of heat transfer. It
is also noteworthy that for closely spaced tube bundles such as
S = 2.0 and 4.0, the qualitative trend of heat transfer is gener-
ally similar regardless of the heating element location, i.e., on
the bottom tube and on the upper tubes. Here, the upper tubes
are under the influences of warm wakes. This observed behav-
ior is quite different from that for the in-line tube bundles as
indicated in the literature.!! For the closely spaced in-line tube
bundles, the heat-transfer behavior of the upper tubes is signif-
icantly different from that of the bottom tubes. For a stag-
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gered array, however, any significant difference in the qualita-
tive heat-transfer behavior between two regions is not
observed. Therefore, the heat-transfer behavior of the upper
tubes is somehow similar to that of a bottom tube which ob-
tains the maximum heat transfer at 6 = 0 deg and the minimum
value at 8 = 180 deg, respectively. This phenomenon may be
explained by the fact that for the staggered tube bundles, the
influence of upcoming warm plume induced by the lower heat-
ing elements prevails all around the concerned upper tube so
that the upper heating element is situated in what appears to be
single heating element in a forced convective flow to some
degree.

Since the profiles of the normalized local Nusselt numbers in
a tube bundle are considerably uniform for all tubes as shown
in Figs. 5-7, a generalized profile for the tube bundle can be
obtained by finding average values at individual circumferen-
tial angle 6. The deviations of the normalized local Nusselt
numbers from the generalized values are within =5%. The
generalized profiles for the other cases are plotted in Fig. 8. It
is interesting to note that the trend in the variation of the
normalized local Nusselt numbers is in general independent of
the tube spacing ratio and the heat flux in the tested range.

Average Nusselt numbers based on the tube diameter are
also considered to investigate the quantitative heat transfer in
the staggered tube bundles. In order to observe the variation of
the average heat-transfer coefficient with the tube elevation,
the average Nusselt number of each tube is normalized with
respect to that of the bottom tube in a tube bundle. The pro-
files for the tube bundles of S = 4.0 and § = 2.0 are, respec-
tively, plotted in Fig. 9. The results for the corresponding
in-line array, which were reported in the previous literature,!!
are also presented for comparison. Since the profile was not
much dependent on the heat flux, i.e., three different G} for
the tube bundle of S = 4.0 and two different G} for § = 2.0,
their average value of these is used for the plot. The deviations
of the individual data points from the average are within
+4%. From Fig. 9, it can be observed that the average Nusselt
numbers at the second, third, and fourth tubes for S = 4.0 are
82, 75, and 69%, respectively, of that at the bottom tube. For
S = 2.0, the ratios are 75, 66, and 58%, respectively. Compar-
ing results of the present staggered tube bundle with those for
the in-line tube bundle, it is noted that the average values of the
staggered array for S = 4.0 are 7 ~ 9% higher, depending on
the tube elevation, than those for in-line array, whereas for S
= 2 these are about 14-18% higher. As the tube spacing ratio
becomes smaller, the influence of upcoming plumes gets
stronger. Accordingly, the heat transfer of the staggered ar-
rangement incieases. On the other hand, it can be expected
that there exists no significant differences in heat transfer be-
tween in-line and staggered arrays as the tube spacing ratio
increases. A previous report!! indicated that for the in-line
tube bundles, there is not apparent influence of thé upcom-
ing plumes on the qualitative heat transfer of the upper tubes

T T T T T T T T T T T
0820 Gy =27Xx1’
S8 Gig =h2xw’ 9

\g aszif G =03X0’ g/

as=4t Gry =06x10°

Normalized Nussett Number, Nu*
[=] -
o o
T T T
/O
>
I

g/§ ]

\._/A

Q
kY
f

) 0 20 180 270 360
Circumferential Angle, &

Fig. 8 Generalized profile of normalized local Nusselt numbers,
¢ = 45 deg.
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at § =6 or greater. Therefore, it is expected that there would
be no significant difference in heat transfer between in-line
and staggered tube bundles if the tube spacing ratio is greater
than 6.

The nondimensional parameters involved in the present
study, namely, Nusselt number and modified Grashof num-
ber, depend on the characteristic length £. When only the tube
diameter is selected for the characteristic length, the correla-
tion equations for the heat transfer may not be generalized
because other geometrical configurations, such as tube spacing
and type of arrangement (in line or staggered) are not in-
cluded. Consequently, another characteristic length is intro-
duced to correlate the heat-transfer results.

For the forced convection of in-line tube bundles in a cross
flow, Kays and London!? have employed a hydraulic tube
diaméter for the characteristic length defined as

4A.P
A,

where P is the longitudinal pitch of the tube bundle in parallel
to the flow direction, A, the flow cross-sectional area, and A,
the total heat-transfer area of a tube. Tilman?® first used this
characteristic length in natural convection heat transfer within
a tube bundle. Based on this, he correlated the overall heat-
transfer coefficients of tube bundles over the Rayleigh number
range of 102 to 10° as follows:

§=Dy= @

Nugyer = 0.057(Ra)*? (5)
for the in-line tube bundle, and
Nugyer = 0.067(Ra)*? 6)

for the staggered arrangement, where N, is the overall aver-
age Nusselt number of the entire tube bundle and Ra the
Rayleigh number. Following a similar characteristic length as
that of Tilman,® Choi'! has developed correlation equations
for the average heat transfer of an individual tube at different
elevation in in-line bundles as follows:

Nu; = Ci(Gr*)™ o
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Fig. 9 Average Nusselt number variation with tube elevation.
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vidual tubes for both staggered and in-line tube bundles.

where C; and n; are constants, which depend on the tube loca-
tion, and the subscript / represents the tube elevation relative
to the bottom tube. The characteristic lengths for the bottom
tube and the upper tubes have been defined in a different way
because the qualitative heat-transfer behavior is distinctly dif-
ferent for both cases. For the upper tubes which are under
strong influence of the upcoming warm plumes, the character-
istic length adopted by Kays and London!? was used. It is
defined as follows:

t=2(s-1p ®
™

For the bottom tube, however, the characteristic length is de-
fined as follows

4
£=Cs*-1D ©®)

For the present staggered tube bundles, we use the same
formula for the characteristic length as that given in Eq. (9).
This is because, as discussed earlier, the general qualitative
behavior of heat transfer along any tube in a staggered tube
bundle is to some degree similar to that along the bottom tube.
Therefore, for the staggered arrangement, the flow cross-sec-
tional area A, which appears in Eq. (4) is defined as depicted
in Fig. 2. By using the characteristic length defined in Eq. (9),
which is independent of the tube elevation, the average Nusselt
numbers on the tubes are plotted with the modified Grashof
numbers in Fig. 10. The results for the in-line tube bundles
presented in the literature!! are also presented for comparison.
It is interesting to riote that the data for both in-line and
staggered tube bundles are represented by the same correlating
equation but with different characteristic lengths. The correla-
tion is represented by Eq. (7) and the coefficients C; and n; are
given in Table 1. The characteristic lengths used in this study
as well as thosé in Ref. 11 are given in Table 2. The correlations
fit the data within = 12%. The significance of the correlations
is that the independent variables; such as tube spacing, tube
diameter, tube bundle arrangement, and heat flux, are com-
bined together into the modified Grashof number which is
based on the characteristic length defined by Eqs. (8) and (9).
From the correlations, it can be found that the degree of
enhancement of heat transfer in a staggered array depends on
the tube-spacing ratio. For instance, considering the character-
istic lengths for both in-line and staggered arrays as given in
Table 2-and the coefficients C; and »; as given in Table 1, it is
noted that the heat-transfer rate from the staggered tube bun-
dleof S = 2 is about 15% greater than that corresponding to
the in-line tube bundle, whereas the enhancement becomes just
7% for S = 4.0.

Conclusions

The resiilts of the experimental investigation are summa-
rized as follows:
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Table 1 Coefficients for use in Eq. (7)

i C; n;

1 0.204 0.306
2 0.148 0.316
3 0.110 0.322
4 0.089 0.336
5 0.085 0.336

Table 2 - Characteristic lengths defined in Egs. (8) and (9)

S Staggered In-line!!

2.0 2.62 cm Bottom tube  2.62 cm
Upper tubes . 1.62 cm

4.0 6.20 cm Bottom tube  6.20 cm
Upper tubes  4.85 cm

1) Qualitative heat transfer in a staggered tube bundle is
quite different from that in an in-line tube bundle.

2) Even though the upper tubes are under a strong influence
of the upcoming plumes; the heat-transfer behavior around
these tubes is very similar to that around a bottom tube.

3) The heat transfer in a staggered tube bundle is always
better than that in the corresponding in-line tube bundle but
depends on the tube-spacing ratio. For example, the heat-
transfer enchancements are 15 and 7%, respectively, for § =
2.0 and 4.0.

4) Thé average Nusselt numbers are correlated with the mod-
ified Grashof number in the range of 9 x 10°to 2 x 108 as
follows:

Nu; = Cy(Gr*)® ]

where C; and n; are coefficients given in Table. 1. This equa-
tion is also applicable to in-line tube bundles with the charac-
teristic length defined by Eq. (8) for the upper tubes and by Eq.
(9) for the bottom tube, respectively.
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